Using exact partition functions and finite-size corrections for the Ising model on finite square, plane triangular, and honeycomb lattices and extending a method ͓J. Phys. 19, L1215 ͑1986͔͒ to subtract leading singular terms from the free energy, we obtain universal finite-size scaling functions for the specific heat, internal energy, and free energy of the Ising model on these lattices with exact nonuniversal metric factors. DOI: 10.1103/PhysRevE.67.065103 PACS number͑s͒: 05.50.ϩq, 75.10.Ϫb, 64.60.Cn Finite-size scaling has been of interest to scientists working on a variety of critical systems, including superfluids, spin models, percolation models, lattice gauge models, spin glass, etc. ͓1-4͔. Universal finite-size scaling and finite-size corrections in finite critical systems have attracted much attention in recent decades ͓2-9͔. Using renormalization group arguments, in 1984 Privman and Fisher first proposed the concepts of universal finite-size scaling functions ͑UFSSF's͒ and nonuniversal metric factors ͓2͔. Using Monte Carlo methods ͓10͔ and choosing aspect ratios of the square ͑SQ͒, plane triangular ͑PT͒, and honeycomb ͑HC͒ lattices so that these have the relative proportions 1:ͱ3/2:ͱ3 ͓11͔, Hu et al. and Okabe et al. found UFSSF's for the percolation and the Ising models on two-dimensional lattices ͓3,4͔. Since these studies were based on numerical simulations, there is always some numerical uncertainty in the obtained results. Here, we use the exact partition functions of the Ising model on finite SQ, PT, and HC lattices with periodic-aperiodic boundary conditions ͓12,13͔ and an exact expansion method ͓8͔ to obtain exact finite-size corrections of the free energy f B , the internal energy E B , and the specific heat C B of the critical Ising model on these lattices with periodic-periodic (pp), periodic-antiperiodic (pa), antiperiodic-periodic (ap), and antiperiodic-antiperiodic (aa) boundary conditions ͑BC's͒, where B denotes BC's. Using these coefficients and extend a method ͓14͔ to subtract leading singular term from the free energy, we subtract leading singular terms from C B , E B , and f B and find that the corresponding residuals ⌬ B , ⌫ B , and W B ͓see Eqs. ͑7͒-͑9͒ below͔ have a very good finite-size scaling behavior. Choosing aspect ratios of the SQ, PT, and HC lattices so that these have the relative proportions 1:ͱ3/2:ͱ3 ͓11͔ and calculating exact nonuniversal metric factors from exact partition functions and finite-size corrections, we find that ⌬ B , ⌫ B , and W B of the SQ, PT, and HC lattices have very nice universal finite-size scaling behavior.
Finite-size scaling has been of interest to scientists working on a variety of critical systems, including superfluids, spin models, percolation models, lattice gauge models, spin glass, etc. ͓1-4͔. Universal finite-size scaling and finite-size corrections in finite critical systems have attracted much attention in recent decades ͓2-9͔. Using renormalization group arguments, in 1984 Privman and Fisher first proposed the concepts of universal finite-size scaling functions ͑UFSSF's͒ and nonuniversal metric factors ͓2͔. Using Monte Carlo methods ͓10͔ and choosing aspect ratios of the square ͑SQ͒, plane triangular ͑PT͒, and honeycomb ͑HC͒ lattices so that these have the relative proportions 1:ͱ3/2:ͱ3 ͓11͔, Hu et al. and Okabe et al. found UFSSF's for the percolation and the Ising models on two-dimensional lattices ͓3,4͔. Since these studies were based on numerical simulations, there is always some numerical uncertainty in the obtained results. Here, we use the exact partition functions of the Ising model on finite SQ, PT, and HC lattices with periodic-aperiodic boundary conditions ͓12,13͔ and an exact expansion method ͓8͔ to obtain exact finite-size corrections of the free energy f B , the internal energy E B , and the specific heat C B of the critical Ising model on these lattices with periodic-periodic (pp), periodic-antiperiodic (pa), antiperiodic-periodic (ap), and antiperiodic-antiperiodic (aa) boundary conditions ͑BC's͒, where B denotes BC's. Using these coefficients and extend a method ͓14͔ to subtract leading singular term from the free energy, we subtract leading singular terms from 
where z is the coordination number of the lattice and i B shown in Table I are sign factors specified by BC's, and ⍀ 1 ϭ⍀ (1/2)(1/2) , ⍀ 2 ϭ⍀ (1/2)0 , ⍀ 3 ϭ⍀ 0(1/2) , ⍀ 4 ϭ Ϫsgn( / c Ϫ1)⍀ 00 , with
Here g, A 0 , A 1 , A 2 , and the critical values of ␤J, ␤ c J, are listed in Table II .
To calculate the specific heat, we write Z B as 
, ⑀ϭ(T ϪT c )/T c , and RϭL 1 /L 2 is the aspect ratio. Then, the spe-
, with i ϭ i (0,q) the Elliptic functions of modulus q, and c 0,0 , c 0,1 , c 0,2 , c 1 , a 0,0 , a 0 , a 1 , and q are listed in Table III. Based on Ref. ͓14͔, we write the free energy Table III , and E 0,1
To study finite-size scaling, we define the scaling function for the specific heat, ⌬ B , as 
͑7͒
According to the definition of internal energy E B ϭϪ(1/L 2 ‫ץ()‬ ln Z B ‫,)ץ(/)‬ we define the scaling function for the internal energy, ⌫ B , as
͑8͒
Similarly, the scaling function for the free energy, W B , is
In the scaling function ⌬ B , C 1 B (R) is the leading term in finite-size corrections. Thus, the finite-size effect for the pp boundary condition is the smallest in comparison with the pa, ap, and aa BC's. PT , and D 1 HC for ͑a͒, ͑b͒, and ͑c͒, respectively, are the same as the corresponding parts in Fig. 2. To study the UFSSF's of ⌬ B (,R,L), we take aspect ratios of the SQ, PT, and HC lattices to have the relative proportions 1:ͱ3/2:ͱ3. Equation ͑7͒ implies that for large lattices, the slope of ⌬ B as a function of at ϭ0 is determined by A 0 B . We can further multiply the scaling function by another nonuniversal metric factor D 1 to obtain
͑10͒
We Although the results of this paper are based on analytic expressions for the physical quantities of the Ising model, our formulations can be extended to numerical or experimental studies of finite critical systems ͓16͔. For example, the coefficients C 0 B (R) and C 0,0 of Eq. ͑7͒ can be evaluated by using extrapolation techniques to analyze simulation or experimental data, then one can define the scaling function of the specific heat similar to that in Eq. ͑7͒. As a result, the UFSSF for the specific heat can be obtained.
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